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This paper focuses on the far field approximation of the steady state sound pressure radi-
ated by a flat circular piston into the region bounded by some flat rigid baffles. The two Neu-
mann boundary value problems have been considered for the regions of two- and three-wall
corners, separately. The Green function in its Fourier representation has been used together
with the Sommerfeld radiation condition which has given the sound pressure approximation in
the form of some useful elementary formulations. The boundary value problems often appear
in the situation when the sound source is located in the vicinity of the Earth and some vertical
walls, e.g. the sound barriers, the building walls, etc.
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1. Introduction

Measuring and predicting the sound pressure levels generated by some vibrating
flat sources is very important from the practical viewpoint. The sound pressure formu-
lations for the flat sources located in the flat rigid baffles radiating into the half-space
bounded by the baffle are well-known as well as their Fraunhofer approximations [1–
6]. However, any Fraunhofer approximations for this acoustic quantity has not yet been
presented for the regions of the two-wall corner and the three-wall corner. This paper
presents the solution to this problem.

2. The Green function

2.1. The two-wall corner

The Fourier representation of the Green function in the vicinity of the two-wall
corner is [7]

G(r | r0) =
i

π2

+∞∫

ζ=−∞

+∞∫

η=0

I(z | z0) eiζ(x−x0) cos ηy cos ηy0
dζ dη

γ
, (1)
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where r = (x, y, z) is the leading vector of the observation point, r0 = (x0, y0, z0) is
the leading vector of the source point, k = (ζ, η, γ) is the wavevector, γ2 = k2−ζ2−η2,
and

I(z | z0) =

{
cos γzeiγz0 for 0 ≤ z ≤ z0 < +∞,

cos γz0e
iγz for 0 ≤ z0 ≤ z < +∞.

(2)

Substituting η = −σ gives

G(r | r0) =
i

π2

+∞∫

ζ=−∞

0∫

η=−∞

I(z | z0) eiζ(x−x0) cosσy cos ηy0
dζdη

γ
. (3)

Further exchanging σ for η, summing up side by side Eqs. (1) and (3), and applying
2 cosα cosβ = cos (α− β) + cos (α+ β) and 2 cosα = eiα + e−iα gives the Green
function in the form of a sum of the four integrals. Substituting η = −σ, exchanging σ
for η gives

G(r | r0) =
i

4π2

+∞∫

−∞

+∞∫

−∞

exp {i [ζ(x− x0) + η(y − y0) + γz]} dζ dη

γ

+
i

4π2

+∞∫

−∞

+∞∫

−∞

exp {i [ζ(x− x0) + η(y + y0) + γz]} dζ dη

γ
. (4)

Further, the following equation have been used [8]

i

2π

+∞∫

−∞

+∞∫

−∞

ei(kxx+kyy+kzz) dkx dky

kz
=
eikR

R
, for z ≥ 0, (5)

where kz =
√
k2 − k2

x − k2
y and R =

√
x2 + y2 + z2 to describe the spherical waves

radiated by a point source located on the flat plane z = 0 at (x0, y0) = (0, 0). If the
source is shifted on the plane to a new location given by (w, u) the above furmula
assumes the form of the Weyl integral [9, 10]

i

2π

+∞∫

−∞

+∞∫

−∞

ei[kx (x−w)+ky (y−u)+kzz] dkx dky

kz
=
eikR(w,u)

R(w, u)
, (6)

where R(w, u) = |r − r0| =
√

(x− w)2 + (y − u)2 + z2 and makes it possible to
express Eq. (4) in its equivalent form as

G(r | r0) =
1

2π

[
eikR(x0,y0)

R(x0, y0)
+
eikR(x0,−y0)

R(x0,−y0)

]
. (7)

It is worth noticing that the result in Eq. (7) agrees with the result obtained using the
method of images. In this approach the first term in Eq. (7) is identical as the Green
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function for the source located on the infinite rigid baffle where the distance between
the source and origin of the coordinates system is y0 and the second integral represents
the Green function of the image which lies −y0 away from the coordinate system origin
(cf. Fig. 1).

Fig. 1. The sound source and its image located onto the plane x0y in the vicinity of the vertical wall x0z.

2.2. The three-wall corner

In the case of the three-wall corner, the Green function is given by [7]

G(r | r0) =
4i

π2

+∞∫

0

+∞∫

0

I(z | z0) eiζ(x−x0) cos ζx cos ζx0 cos ηy cos ηy0
dζ dη

γ
. (8)

The analogous manipulations as in the previous case lead to

G(r | r0) =
i

4π2

+∞∫

−∞

+∞∫

−∞

exp {i [ζ(x− x0) + η(y − y0) + γz]} dζ dη

γ

+
i

4π2

+∞∫

−∞

+∞∫

−∞

exp {i [ζ(x− x0) + η(y + y0) + γz]} dζ dη

γ

+
i

4π2

+∞∫

−∞

+∞∫

−∞

exp {i [ζ(x+ x0) + η(y − y0) + γz]} dζ dη

γ

+
i

4π2

+∞∫

−∞

+∞∫

−∞

exp {i [ζ(x+ x0) + η(y + y0) + γz]} dζdη

γ
(9)
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and

G(r | r0) =
1

2π

[
eikR(x0,y0)

R(x0, y0)
+
eikR(x0,−y0)

R(x0,−y0)
+
eikR(−x0,y0)

R(−x0, y0)
+
eikR(−x0,−y0)

R(−x0,−y0)

]
, (10)

where the first term represents the Green function for the source located on the rigid
infinite baffle, and the remaining three terms represent the Green function for the three
images.

3. The sound pressure

The Sommerfeld radiation condition implies that the sound pressure amplitude can
be expressed by means of the Green function from Eqs. (7) and (10) as (cf. [2])

p(r) = −ikρ0c

∫

S0

v(r0)G(r | r0) dS0, (11)

where c is the sound velocity in the air, k = ωc is the acoustic wavenumber, ρ0 and
S0 are the air density and the source area, respectively, v(r) is the vibration velocity
amplitude of the source. It has been assumed that the vibration velocity of the source is
v(t) = v0e

−iωt where v0 is the amplitude, ω = 2πf , and f is the frequency.

3.1. The two-wall corner

In this case, the circular piston of radius a is located in the vicinity of the two-wall
corner (see Fig. 2(a)). The distance between the piston’s centre and the corner edge
is l. The following source local coordinates have been introduced x0 = r0 cosϕ0 and
y0 = l + r0 sinϕ0, and the following transformations have been applied

x = r sinϑ cosϕ, y = r sinϑ sinϕ, z = r cosϑ, (12)

where r, ϑ, ϕ are the spherical coordinates of the observation point, and therefore the
integration has been performed in the local coordinate system within the limits r0 ∈
[0, a] and ϕ0 ∈ [0, 2π]. Given that r0/r � 1 the distance between the observation point
and the source/image point has been expressed as the fast convergent expansion series
in terms of r0/r

R(x0, y0) ≈ Q(0, l) +
r0

Q(0, l)

[
(−r sinϑ cosϕ) cosϕ0

+(|l| − r sinϑ sinϕ sign l) sinϕ0

]
, (13)

where sign(·) is the signum function, sign y0 = sign l, and

Q(w, u) =
√
r2 + w2 + u2 − 2r sinϑ (w cosϕ+ u sinϕ) . (14)
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Fig. 2. The circular piston in the vicinity of: a) the two-wall corner, b) the three-wall corner.

The numerator of the exponential term grows rapidly with an increase in R while
the denominator grows slowly and therefore its Fraunhofer approximation is

exp[ikR(x0, y0)]

R(x0, y0)
≈ exp[ikQ(0, l)]

Q(0, l)

× exp

{
ikr0
Q(0, l)

[
(−r sinϑ cosϕ) cosϕ0 + (|l| − r sinϑ sinϕ sign l) sinϕ0

]}
. (15)

On the basis of Eqs. (7) and (11) the sound pressure is

p(r) ≈ − i

2π
kρ0cv0

{
exp[ikQ(0, l)]

Q(0, l)

a∫

0

2π∫

0

exp
{ ikr0
Q(0, l)

×
[
(−r sinϑ cosϕ) cosϕ0 + (l − r sinϑ sinϕ) sinϕ0

]}
r0 dr0 dϕ0

+
exp[ikQ(0,−l)]

Q(0,−l)

a∫

0

2π∫

0

exp
{ ikr0
Q(0,−l)

×
[
(−r sinϑ cosϕ) cosϕ0 + (l + r sinϑ sinϕ) sinϕ0

]}
r0 dr0 dϕ0

}
. (16)

Further, the following formulas have been used [11]

2π∫

0

f(d cosϕ0 + q sinϕ0) dϕ0 = 2

π∫

0

f
(√

d2 + q2 cosϕ0

)
dϕ0,

(17)
π∫

0

eiu cos ϕ0 dϕ0 = πJ0(u),

∫
J0(ur0) r0dr0 =

r0
u
J1(ur0),
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where f(·) is an arbitrary function, Jn(·) is the Bessel function of the n-th order, to give

p(r) ≈ −ikρ0cv0a
2

[
exp[ikQ(0, l)]

Q(0, l)

J1[ka ε(0, l)]

ka ε(0, l)

+
exp[ikQ(0,−l)]

Q(0,−l)
J1[ka ε(0,−l)]
ka ε(0,−l)

]
, (18)

where

ε(w, u) =
1

Q(w, u)

√
r2 sin2 ϑ+ w2 + u2 − 2r sinϑ (w cosϕ+ v sinϕ) (19)

Equation (18) represents the distribution of the sound pressure radiated by a vibrating
circular piston located in the vicinity of the two-wall corner into the far field.

3.2. The three-wall corner

In this case, the vibrating circular piston has been located in the vicinity of the
three-wall corner on the plane z = 0 (cf. Fig. 2(b)). The distances between the piston
centre and the corner edges are lx and ly. The transformations (12), and the source local
coordinates x0 = lx + r0 cosϕ0 and y0 = ly + r0 sinϕ0 have been used to rearrange
the Green function from Eq. (10). Given that r0 � r in the far field the distance term
assumes the form of

R(x0, y0) ≈ Q(lx, ly) +
r0

Q(lx, ly)

[
(|lx| − r sinϑ cosϕ sign lx) cosϕ0

+(|ly| − r sinϑ sinϕ sign ly) sinϕ0

]
, (20)

where signx0 = sign lx, sign y0 = sign ly, and the Fraunhofer approximation of the
exponential term is (cf., Eq. (10))

exp[ikR(x0, y0)]

R(x0, y0)
≈ exp[ikQ(lx, ly)]

Q(lx, ly)

× exp

{
ikr0

Q(lx, ly)

[
(|lx| − r sinϑ cosϕ sign lx) cosϕ0

+(|ly| − r sinϑ sinϕ sign ly) sinϕ0

]}
. (21)

Applying Eqs. (11) and (17) in a similar way as in Eq. (16) gives

p(r) ≈ −ikρ0cv0a
2

{
exp[ikQ(lx, ly)]

Q(lx, ly)

J1[ka ε(lx, ly)]

ka ε(lx, ly)

+
eikQ(lx,−ly)

Q(lx,−ly)
J1[ka ε(lx,−ly)]
ka ε(lx,−ly)

+
exp[ikQ(−lx, ly)]

Q(−lx, ly)
J1[ka ε(−lx, ly)]
ka ε(−lx, ly)

+
exp[ikQ(−lx,−ly)]

Q(−lx,−ly)
J1[ka ε(−lx,−ly)]
ka ε(−lx,−ly)

}
(22)
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representing the distribution of the sound pressure radiated by a vibrating circular piston
located in the vicinity of the three-wall corner into the far field.

4. Numerical analysis

Equations (18) and (22) represent the sound pressure amplitude for some time har-
monic processes for the two different baffles configurations. Both amplitudes depends on
the vibration velocity of the piston v0 while the directivity pattern [1] D = |p(r, ϕ, ϑ)|/
|p(r, ϕ, 0)| is independent of v0.

Fig. 3. The directivity pattern D of a circular piston located onto a flat baffle with no vertical walls for any
ϕ and:−−−−−−−−−−−− L0 = 131.9 dB, f = 1 kHz;−−−−−−−−− L0 = 153.8 dB, f = 3 kHz; · · · · · ·· · · · · ·· · · · · · L0 = 164.1 dB,

f = 5 kHz.

Figures 3, 4 and 5 present the directivity pattern of a vibrating circular piston lo-
cated onto the flat rigid baffle with no vertical walls, near the two-wall corner and near
the three-wall corner, respectively. The quantity has been plotted for ϑ ∈ [0, π/2] and
for any ϕ (no vertical walls), and for ϕ ∈ [0, π] (two-wall corner), and ϕ ∈ [0, π/2]
(three-wall corner), together with the corresponding subsections for some arbitrary val-
ues of ϕ. The directivity pattern in the case with no vertical walls is well-known as
D = 2J(ka sinϑ)/ka sinϑ and does not depend on ϕ and has been plotted in Fig. 3 for
the reference only (cf. e.g. [12]). In the case of the two-wall corner the reference sound
pressure has been obtained from Eq. (18)

p(r, ϕ, 0) ≈ −2ik%0cv0a
2 exp(ikQ2)

Q2

J1(ka ε2)

ka ε2
, (23)

where Q2 =
√
r2 + l2 and ε2 = l/Q2. In the case of the three-wall corner the reference

sound pressure has been obtained from Eq. (22)

p(r, ϕ, 0) ≈ −4ik%0cv0a
2 exp(ikQ3)

Q3

J1(ka ε3)

ka ε3
, (24)

where Q3 =
√
r2 + l2x + l2y and ε3 =

√
l2x + l2y/Q3. The sound pressure levels L0 =

20 log[p(r, ϕ, 0)/p0] have been obtained for v0 = 10−3 [m/s] and p0 = 20 [µPa] at
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Fig. 4. The directivity pattern D of a circular piston at the two-wall corner for: a) L0 = 145.5 dB,
f = 1 kHz; b) L0 = 167.1 dB, f = 3 kHz; c) L0 = 176.6 dB, f = 5 kHz. Key:−−−−−−−−−−−− ϕ = 0,−−−−−−−−−

ϕ = π/6,− · − · −− · − · −− · − · − ϕ = π/4, · · · · · ·· · · · · ·· · · · · · ϕ = π/3,− · · − · · −− · · − · · −− · · − · · − ϕ = π/2.

the main direction for ϑ = 0 in all the plots, and for the following arbitrary data set:
c = 340 [m/s], %0 = 1.29 [kg/m3], a = 0.052 [m], r = 0.75 [m], lx = 0.158 [m], and
l = ly = 0.105 [m] (the data set has been motivated by some future measurements at
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Fig. 5. The directivity pattern D of a circular piston at the three-wall corner for: a) L0 = 158.8 dB,
f = 1 kHz; b) L0 = 179.7 dB, f = 3 kHz; c) L0 = 187.6 dB, f = 5 kHz. Key:−−−−−−−−−−−− ϕ = 0,−−−−−−−−−

ϕ = π/6,− · − · −− · − · −− · − · − ϕ = π/4, · · · · · ·· · · · · ·· · · · · · ϕ = π/3,− · · − · · −− · · − · · −− · · − · · − ϕ = π/2.

the laboratory). It is obvious that the directivity pattern is not axisymmetric and varies
strongly with changes in ϕ if any vertical walls appear and grows with an increase in the
vibration frequency f . Generally, the sound radiation at the three-wall corner is more
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Fig. 6. The sound pressure radiated for f = 3 kHz by a vibrating circular piston located onto the flat
baffle:−−−−−−−−−−−− with no vertical walls (a) and (b) L0 = Lc = 153.848 dB;−−−−−−−−− near the two-wall corner
(a) L0 = 167.117 dB, (b) Lc = 167.517 dB; · · · · · ·· · · · · ·· · · · · · near the three-wall corner (a) L0 = 179.691 dB,

(b) Lc = 181.188 dB. Lc denotes the sound pressure level exactly above the piston center.

directive than at the two-wall corner and it is least directive if the are no vertical walls
at all. Also, the vibrating circular piston located at the three-wall corner produces con-
siderably higher sound pressure levels than that located at the two-wall corner. This is
a consequence of a superposition of a greater number of the waves reflected by two ver-
tical walls than by only one vertical wall. Figure 6a shows the sound pressure radiated
by the same vibrating circular piston the three different regions mentioned above for
comparison. It is the most directive and assumes the highest values at the main direction
near the three wall-corner as a consequence of the highest number of reflected waves.
Figure 6b illustrates a big influence of the distance ly ≥ a of the piston center from
the baffle y = 0 on the sound pressure amplitude exactly above the piston center at an
arbitrary altitude z = 0.75 [m].

5. Conclusions

The analysis presented in this paper shows that the localization of the vibrating
circular piston in the two-wall corner and the three-wall corner influences strongly the
sound pressure radiated. The boundary value problem examined in this paper has a
practical importance because concerns the sound sources and walls systems very often
appearing in various situations for example in architecture when the sound source is
located in the vicinity of the Earth and some vertical walls. Making use of formulas
given by (18) and (22) the distribution of the sound pressure for the regions of two-
and three-wall corners can be predicted in the purely theoretical way. The asymptotic
formulas have been obtained using the spectral form of the Green function. However it
has been shown that the spectral and exponential formulas of the Green function agrees
perfectly and lead to the same asymptotics for the acoustic pressure radiated into the far
field. Also the asymptotic formulas are analogous for all the three considered regions.
However the acoustic pressure is different for each region since there is a different
number of the reflected waves for each of them. The asymptotic formulas presented
herein assume their elementary forms useful for some further engineering computations.
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