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In recent years, a great deal of work has been done on the development of con-
trol methodologies for structural and acoustic applications by using piezoelectric
actuators. This paper presents the derivation of the models for planar structures
with surface-mounted piezoelectric actuators. In the first approach, a parametric
system identification procedure is employed to establish a mathematical model of
the considered system, on the basis of the data collected from the measurements.
The second approach consist in modelling of the fluid-acoustic-structural dynamics
in the form of the partial differential equations, derived from physical principles
such as forces and moments balance. Assuming axially symmetrical vibrations, on
the basis of the models derived, the control algorithm has been developed for the
circular plate to which centrally placed PZT actuators were bonded. The results of
performed simulations are included and discussed.
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1. Introduction

The main aim of the control systems designed for planar flexible structures is
to cancel their vibrations and the related acoustic radiation as much as possible.
The most straightforward approach to this problem is Active Vibration Control
(AVC) [1, 2]. Various applications such as aircraft, automotive fields and man-
ufacturing industries have proved that AVC system is much superior than the
passive vibration control. In recent years, a great deal of work has been done
on the development of control methodologies for structural and acoustic applica-
tions by using piezoelectric actuators. Actuators are the most significant parts of
the controlled structures. Such features as low weight, high efficiency, durability
and compact size are important issues. Piezoelectric actuators with proper de-
sign satisfy almost all of these requirements, but modelling of these materials is



508 L. Leniowska

difficult because they are highly integrated with the plate. On the other hand,
it is well-known that most control law design methods require an explicit math-
ematical model of the system to be controlled and the problem of confidence in
sufficient fidelity of dynamic models of structures is very important for the sys-
tem performance. Finding of such a model is an art in itself and often involves
several approximations and simplifying assumptions. A suitable model has to cre-
ate the a proper balance between accuracy and complexity. There are two main
approaches to the problem of deriving a model of the considered system:

• modelling – based on the physical laws that are supposed to govern the
dynamic properties of a given system, a mathematical model can be con-
structed,

• identification – when signals produced by the system in question can be
measured and be used to construct a model.

Thus, the derivation of the models for considered here planar structure with
the surface-mounted actuators can be also guided in two ways. The first approach
consists in modelling the fluid-acoustic-structural dynamics in the form of the
partial differential equations derived from physical principles such as the balance
of forces and moments [5, 6]. The analysis which will be undertaken here is based
upon the idea of finding of the dominating vibrating modes. This mathematical
modelling approach has been used for many years, with early references found
in [1, 2, 10]. The other way in which a model can be established is commonly
referred to as the system identification [9]. In this case, a model of the system
can be inferred from a set of data collected during a practical experiment. The
techniques described are very flexible and can be used even when complex design
problems are treated.

In this paper, a feedback control system formed by a pair of circular piezoactu-
ators (PZT) and four pairs of strain sensors attached to a structure is developed.
A clamped circular plate is considered, which is subjected to a periodic excitation.
Two methods of obtaining the mathematical model are compared: the first one
is the PDE-based equation of motion and the second one is the transfer function
obtained by means of the ARX identification method. The obtained models are
used to develop the control algorithm for vibration cancellation. The technique
used to find the controller parameters is the pole placement. Finally, simulations
obtained for the considered plate are presented and discussed.

2. Plate equation of motion

One of the first attempts to use the smart materials technology involved the
materials constructed to do the work of electromechanical devices. Since then,
many types of sensors and actuators have been developed to measure or excite
a system. This section introduces the model of the system studied, derived from
the physical principles, which is composed of a clamped plate with a pair of
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circular piezoactuators (PZT) attached to a structure. The problem of control
of plate vibration based on such a model has been examined by several authors.
It was also solved by the author of this paper [3–5] for point and distributed
actuators and for different boundary conditions of the circular plate located in
a finite baffle.

2.1. Distributed control force

The actuators of consideration are piezoelectric elements bonded to the sur-
face of the structure. Let us assume that the structure under study is the vibrating
circular plate of radius a and thickness h, having clamped edges. The circular
piezo-actuators of radius a1 and thickness hp are bonded to both sides of the
plate as depicted in Fig. 1a.

a)

1
1a

b)

Fig. 1. a) Circular plate with circular piezoelectric ceramic patch of radius a1, located in a finite
baffle of radius b; b) Experimental set-up.

The external moment generated by the piezo-element (PZT) in response to
an applied voltage u(t) is given by [4]:

Mp = κd31u(t)H(a1 − r). (1)
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In the above expression, H(a1 − r)is the Heaviside function and d31 is the
piezoelectric strain constant. The parameter κ results from integration of the
free stresses generated by the piezo-actuator and in the case of having a pair of
piezoelectric elements bonded to the plate, it takes the form:

κ =
Ep(2h + hp)

2(1− νp)
, (2)

where νp is Poisson’s ratio of the piezo-actuator. The equivalent external load
can be calculated as follows:

fs(r, t) =
∂2Mp

∂r2
+

2
r

∂Mp

∂r
, 0 ≤ r ≤ a1. (3)

One can obtain

fs(r, t) = κd31u(t)
[
δ′(a1 − r) +

2
r
δ(a1 − r)

]
, (4)

by denoting the Dirac delta distribution and its derivative by δ(.) and δ′(.).

2.2. Plate equation

Assuming axially symmetrical vibrations we can write the governing differen-
tial equation of forced motion of the plate as follows [5, 6]:

B∇4w(r, t) + R
∂

∂t
[∇4w(r, t)] + γ

∂

∂t
w(r, t) + ρh

∂2

∂t2
w(r, t)

= fw(r, t) + fs(r, t) + fp(r, t), (5)

where B = Eh3/12(1−ν2) is the bending stiffness of the plate, E, ν and R are the
Young’s modulus, Poisson’s ratio and the Kelvin–Voigt damping coefficient for
the plate, ρ is density of the combined structure, and γ is the viscous air-damping
coefficient. The external surface forces can be expressed as follows:

• fw(r, t) is a surface force, modelling the external excitation, generated by
a loudspeaker:

fw(r, t) = F0e
−iωt, 0 ≤ r ≤ a, (6)

• fs(r, t) is the control force due to application of voltage to the PZT elements,
described by (4).

The system model is formulated by taking into account the coupling effect
between the structure and the acoustic medium, so the third component of the
right-hand side of Eq. (5), fp(r, t), represents the acoustic fluid-load acting on
the plate as an additional force.

To approximate the plate dynamics, a Fourier–Bessel expansion of the plate
displacement is used to discretize the infinite-dimensional system (Eq. (5)).
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We need to formulate a reduced-order model. The plate displacement can be
approximated by:

wN (r, t) =
N∑
m

sm(t)wm(r), (7)

where N is considered to be a finite number, suitably large for the accurate
modelling of the system dynamics and wm(r) are the eigenfunctions. The eigen-
functions satisfy the orthogonality condition and can be normalized as follows:

∫∫

S

w2
m(r) dS = πa2. (8)

Inserting the above expansions into the Eq. (5), multiplying both sides by
the orthogonal eigenfunction wn(r), and integrating over the surface of the struc-
ture S, the governing equation of motion can be re-expressed as in the state-space
representation [5, 6]:

ẋ(t) = Ax(t) +Bu(t) +Vz(t), (9)

where the dot denotes differentiation with respect to time, x is the (n× 1) state
vector, u is the (m × 1) control vector, and A is the (n × n) state matrix, B is
the (n×m) control input matrix, V is the (1×n) disturbance matrix, described
as follows:

A =

[
0 1

−(I+E)−1Ω2 −(µ2 + µ1Ω2)(I+E)−1

]
,

B =

[
0

(I+E)−1Ks

]
, V =

[
0

(I+E)−1Kw

]
.

(10)

In the above expression I denotes the identity matrix, Ks and Kw are the coeffi-
cient vectors,E represents a fluid-plate interaction matrix,Ω=diag[ω1, ω2, .., ωN ],
µ1 = R/B and µ2 = γ/ρh. It is assumed that the response of the considered plate
to the applied force distribution is measured by a set of linearly independent point
sensors, situated at locations r on the plate. The output equation is as follows:

y(t) = Cx(t), (11)

where

C =




w1(r1) · · · wN (r1) 0 · · · 0
...

. . .
...

...
. . .

...
w1(rNc) · · · wN (rNc) 0 · · · 0

0 · · · 0 w1(r1) · · · wN (r1)
...

. . .
...

...
. . .

...
0 · · · 0 w1(rNc) · · · wN (rNc)




, (12)
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Nk and Nv denote the numbers of displacement and velocity sensors respectively,
wi(rj) is a value of i-th eigenfunction at j-th measurement point.

There is a need to reduce the model order of the system to derive a control
strategy. Usually one is concerned with the control strategy which is based on con-
trolling a low number of critical structural modes, where the risk of performance-
reducing control spillover resulting from the presence of untargeted modes exists.
However, lower orders of system model are usually preferable for reasons of re-
duced complexity, which lead to simplified implementation. There are some ways
in which the reduction of order system could be approached. Instead of a simple
truncation of the higher model modes, in this paper the Balanced Stochastic Trun-
cation method [11] has been used. This method produces the same state-space
realizations, but of a lower order, maintaining the system dynamics properties as
far as possible.

Figure 2 presents the Bode diagram for the model of 16-th order and for two
models reduced with the use of BST algorithm of 8-th and 4-th orders, in the
first measurement point located at r = 0.18 [m] circle on the plate. It can be seen
that the frequency characteristics of the first and second mode of the considered

Fig. 2. Bode diagram for the model of the 16-th order and for two models reduced with the use
of BST (Balanced Stochastic Truncation) algorithm.
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plate cover each other and for lower values of frequency, the model order does not
influence the system response. However, for the third resonance frequency which
is closed to 500 Hz, the differences between curves can be easily noticed and the
phase characteristic becomes more complicated. It means that system dynamics
can be approximated with enough fidelity, even by means of the 4-th order model
if the operating frequency is low (below 500 Hz).

Nowadays, sampled-data control systems dominate the control industry. The
frequency-domain bilinear transform plays a role of bridging the gap between the
continuous model and their discrete counterparts.

To compare such a model with a discrete system model, constructed with
the use of identification technique from a set of data collected during a practical
experiment, the popular Tustin transform can be used to convert a continuous
system model into the equivalent discrete one. It can be seen in Fig. 3 that this
A/D conversion does not generate any significant error up to the frequency of
5000 rad/sec.

Fig. 3. Bode diagram of the system for discrete and continuous model of 16-th order.

3. System identification

Instead of using analytical methods, a parametric system identification pro-
cedure can be employed to establish a mathematical model of the considered
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system. The relationship between the input sample u(t) and output signal y(t)
can be described by a transfer function. The commonly used system identification
model which will be considered here is referred to as the Auto-Regressive model
with eXogenous (ARX) input parameters [10]. It is the goal of the identification
algorithm to identify the numerical values of the model coefficients.

Transfer function of linear discrete system is based on a difference equation:

y(k) + a1y(k − 1) + ... + any(k − n) = b1u(k − d)
+ ... + bmu(k − d−m + 1) + η(k), (13)

where y and u represent the output and input data, d is the number of sam-
ples before the input affects the system output and η(k) is some disturbance,
which appears in the plant output, representing nonmeasurable influences on the
process.

After reorganizing Eq. (13) one could get the following form:

y(k) = θTϕ(k) + η(k), ∀k, (14)

where

ϕ(k) = [−y(k − 1), ...,−y(k − n), u(k − d), ..., u(k − d−m + 1)]T, (15)

θ = [a1, ..., an, b1, ..., bm]T. (16)

Vector ϕ represents the measured input and output, θ – the unknown model
coefficients, which should be obtained using the chosen identification algorithm.
The simplest and most intuitive method for parameter identification is the least
squares method (LMS). This classical method provides good performance over
a relatively small range of uncertainty and is extensively used for linear control
techniques.

In order to establish a mathematical model using this approach, the exper-
imental data from four strain gauges located along the plate radius have been
acquired, with sampling time of 0.0001 sec (10 kHz) on the multi-channel sys-
tem, working under supervision of a real-time operating system (RTAI) [8, 9]. As
previously, the choice of the order of the system model plays a crucial role in the
performance of the system and requires a careful trade-off between good descrip-
tion of the data and model complexity. Some results of system identification for
different orders of ARX models are shown in Fig. 4 and Fig. 5.

Because the PZT actuators applied for the considered plate can excite ade-
quate vibrations for frequency of 200–1600 Hz, the obtained output signals were
bonded into this range.

The accuracy of the described identification method depends mostly on choos-
ing the model order: for higher order, higher precision of the model is obtained.
On the other hand, if the order of system model increases, the process of designing
controller for vibration suppression is more complex.
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a)

b)

Fig. 4. The experiment data in frequency domain obtained at second measurement point for
two different orders of ARX plate model response: a) ARX model of 16-th order; b) ARX model

of 32-nd order.

Fig. 5. The power spectral density of the experimental data and for the ARX plate model of
64-th order.
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4. Feedback control

Two fundamental, different ways of modeling of thin plate vibrations resulted
in the derivation of two models, which can be used in vibration control. There
are several control strategies that could be developed on the basis of the ob-
tained models [1, 2]. The aim of the project is to design a control system to
modify the response of the plate in some desired fashion. If an active vibra-
tion cancellation system is required, its bandwidth should be roughly specified.
Usually a few vibration modes of the system carry the most important infor-
mation about the system behavior. It means that such models, which generally
involve too many degrees of freedom to be directly useful for only a few degrees
of freedom, are not desirable. Since we are basically interested in damping of
the dominating vibrating modes and a low-order controller is generally preferred
for physical implementation reasons, we take into account the first four modes
only.

For the considered system, one possible approach is to determine a control
signal by applying the pole-placement procedure. It enables to design a controller
which will place the poles of the system at desired locations in the complex plane
(Fig 6). It can be done either numerically by solving the diofantine equation [5, 8],

Fig. 6. Poles and zeros of a closed-loop system; ◦ – zeros; × – poles.
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or graphically by using the MATLAB Root Locus Tool. In both approaches, the
new location of the close-loop poles of the system in question is obtained by
setting the number and values of poles and zeros of the designed controller.
Assuming two complex poles and two complex zeros corresponding to the desired
controller dynamics (Fig. 6), after a series of attempts we obtained the fourth-
order controller with the values given in Table 1.

Table 1. The values of poles and zeros of the designed controller.

Gain Poles Zeros

200
−209± 392 i −96± 250 i
−279± 1500 i −205± 800 i

On the Bode magnitude plot presented in Fig. 7, we can notice that the chosen
location of the poles and zeros of the designed controller, causes a significant
reduction in the resonance peaks of the dominating vibrating modes.

Fig. 7. Compared Bode magnitude plots of the open-loop and closed-loop system - - - open-
loop; closed-loop.

It can be seen that the uncontrolled plate response vibrates significantly, while
the controller causes that plate dominant modes have been reduced very well.
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5. Conclusions

One of the main objectives of control-oriented system modeling is to estimate
the models that are suitable for controllers design. In the case of thin plates,
the AVC (Active Vibration Control) technology will probably face some changes.
Traditional equations of motion used in the concepts of vibration suppression
are not likely to provide accurate estimates of planar sources in the whole fre-
quency range. Instead, detailed experimental modeling can be used to obtain all
relationships between planar structures and the surroundings, in order to achieve
significantly better performances.

These two main approaches are studied in this paper. On the basis of the
conducted tests it can be stated that the considered models, the theoretical and
experimental one, are very similar but each of them has its own advantages
and drawbacks. Modern actuators, such as smart materials (PZT), tend to have
non-linear and complex characteristics, their own transfer functions with hys-
teresis, which might influence the object model, and which is not considered in
the theoretical model. In case of experimental models, all features of sensors and
actuators are taken into account, however the sensibly accurate models are of at
least twice higher order than the theoretical ones. The investigations show that
a somewhat simplified theoretical model concept can be useful for the active vi-
bration control and it reaches reasonable accuracy. Also, the studies indicate that
a well-established experimental model is capable of predicting the behavior of the
vibrating plates with superior accuracy but the design of the efficient control is
found to be difficult for such high order models.

Designing of the control requires the appropriate and accurate assessment of
the situation which involves reaching the compromise between the accuracy and
the effective implementation. It seems that any well-established tools might be
helpful in predicting the adequate solutions.
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