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Cavitation has been widely used in wastewater degradation, material synthesis and biomedical field under
dual-frequency acoustic excitation. The applications of cavitation are closely related to the power (i.e. the rate
of internal energy accumulation) during bubble collapse. The Keller–Miksis equation considering liquid visco-
sity, surface tension and liquid compressibility is used to describe the radial motion of the bubble. The model
is built in predicting the power during bubble collapse under dual-frequency acoustic excitation. The influences
of parameters (i.e. phase difference, frequency difference, and amplitude ratio) on the power are investigated
numerically. With the increase of phase difference, the power can be fluctuated in a wide range at all conditions.
Three typical characteristics of the power appear under the effects of frequency difference and amplitude ratio.
With the increase of amplitude ratio, if the frequency difference is small, the power has two maximum values;
and if the frequency difference is medium, there is a maximum value. Otherwise, the power monotonously
decreases. The results can provide theoretical references for the selections of experimental parameters of sono-
luminescence and sonochemistry in the dual-frequency acoustic field.
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1. Introduction

Under irradiation of acoustic waves, the bubble in
the liquid grows and may collapse violently, which is
termed as “acoustic cavitation”. The intense collapse
of the bubble can produce extremely high tempera-
ture and pressure around it, and this environment has
been applied in many fields, such as ultrasonic ima-
ges (Lv et al., 2020), water treatment (Zupanc et al.,
2016), non-contact therapy (Coussios et al., 2008), ul-
trasonic cleaning (Mason, 2016) and viscosity reduc-
tion for residual oil (Huang et al., 2018). Especially,
in the dual-frequency sound field, the active cavitation
volume and the utilization rate of acoustic energy are
all implemented.

Dual-frequency acoustic system is often used to
increase the intensity of sonoluminescence, which is

an indicator of cavitation activity in acoustic reactor.
Based on the theoretical and numerical results in the
paper written by Krefting et al. (2002), compared to
single-frequency excitation, the bubble driven by dual-
frequency was reported to increase the maximum light
output by 3 times. With the same energy, the sono-
luminescence intensity was enhanced when the energy
of low frequency was fixed and the energy of high fre-
quency was low (Kanthale et al., 2008). The rate
of chemical reaction is increased and the structure of
acoustic chemical reactor can be improved in the dual-
frequency acoustic field. Moholkar (2009) analyzed
the effect of two major parameters (i.e. frequency and
relative phase) in dual-frequency system on the maxi-
mum and most balanced energy dissipation of the
acoustic chemical reactor. The results showed that
the free radical production under the most uniform
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energy dissipation was twice as high as that under the
maximum energy dissipation. The influence of relative
phase was greater than that of frequency ratio. Waldo
and Vecitis (2018) experimentally designed a variety
of multi-frequency piezoelectric crystals and reactor
components, and found that some component struc-
tures could increase the efficiency of chemical reac-
tions by three times. Dual-frequency system has great
applications in biological field, such as improving the
efficiency of non-contact therapy and the accuracy of
image. Yeh et al. (2008) found that when the enve-
lope frequency was close to the microbubble resonance
frequency, the dual-frequency system could improve
the signal ratio and significantly cause nonlinear scat-
tering. A dual-piezoelectric device was used to crush
stones by Loske et al. (2002), and the efficiency of
lithotripsy was improved while tissue damage was re-
duced.

Recently, bubble dynamics under acoustic excita-
tion with dual-frequency have been investigated by
many researchers, in order to enhance the effects of ap-
plication in the fields of sonoluminescence, sonochem-
istry and non-contact therapy, etc. Compared to the
single-frequency system, the cavitation in the dual-
frequency system can be enhanced due to some special
phenomena, such as appearing combination resonance
(Zhang et al., 2017), reducing the critical radius of
the bubble instability (Zhang et al., 2015) and iner-
tial cavitation thresholds (Suo et al., 2018), enhanc-
ing the maximum bubble response (Guédra et al.,
2017) and improving mass transfer across the bubble
interface (Zhang et al., 2015). As far as we know, the
internal energy of the bubble in dual-frequency ex-
citation sound field has not been revealed, which is
closely related to bubble dynamics, e.g. radial oscilla-
tions, collapse time, temperature and pressure inside
the bubble.

In the present paper, a model to predict the in-
ternal energy of a bubble in dual-frequency excitation
sound field is established, and the influence of key pa-
rameters on bubble oscillations from the perspective
of energy is analyzed. The paper is organized as fol-
lows. In Sec. 2, the basic equations and the calculation
method are provided. In Sec. 3, the results and lim-
itations of the present paper are discussed. Section 4
concludes the main findings of the present work.

2. Equations and calculation method

Cavitation occurs under ultrasonic radiation in the
liquid. The equilibrium radius of the bubble is gen-
erally within 100 µm, and the time scales of expan-
sion and compression are of the orders of microsec-
onds. Therefore, the calculation model adopted in this
paper has the following assumptions: (1) the bub-
ble keeps spherical symmetry during its oscillations;
(2) the surrounding liquid is infinite and uniform New-

tonian fluid; (3) the influence of gravity and buoyancy
are ignored; (4) the effect of gas diffusion during bub-
ble oscillations is ignored, i.e. the equilibrium radius
remains constant; (5) the bubble expansion and com-
pression processes are assumed to be isothermal and
adiabatic, respectively. The bubble radial motion is
predicted by Keller–Miksis equation, which considers
the influence of liquid viscosity, surface tension and
compressibility (Zhang et al., 2017; Guédra et al.,
2017; Suo et al., 2018):
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where R is the instantaneous bubble radius; the over-
dot denotes the time derivative; ρ is the density of the
liquid; c is the speed of sound in the liquid; σ is the sur-
face tension coefficient of the liquid; µ is the viscosity
of the liquid; P0 is the ambient pressure; γ is the
polytropic exponent; R0 is the equilibrium bubble ra-
dius; PA1 and PA2 are the amplitudes of the exter-
nal acoustic excitation, and the common setting is
P 2
e = P

2
A1+P

2
A2; f1 and f2 are the frequencies of the ex-

ternal acoustic excitation, and φ is the phase difference
between them.

In this paper, the internal energy during the bubble
oscillations under dual-frequency acoustic excitation is
analyzed, and the energy transfer inside and outside
the bubble is ignored. The expression of internal energy
is calculated by Eq. (4), and the detailed derivation is
referred to Merouani et al. (2014):

∆E =
p(t)V (t) − pminVmax

γ − 1
, (4)

where p(t) and V (t) are the internal pressure and bub-
ble volume as a function of time, and pmin and Vmax,
respectively, are the minimum internal pressure and
the maximum bubble volume.

In order to compare the efficiency of the cavitation
under different operating conditions, it is necessary to
analyze the time scale of the internal energy accumula-
tion. Therefore, the expression of the bubble collapse
power w, which is defined as the internal energy di-
vided by the duration of the bubble collapse τc, is as
follows:

w =
∆E

τc
, (5)
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where τc is defined as the time when the bubble com-
presses to 7% of its maximum radius (Merouani et al.,
2014). For the sake of discussions, the non-dimensional
parameter is employed as below:

N =
PA2

PA1
. (6)

The model is numerically solved using the method
of 4th–5th order Runge–Kutta formula with variable
step length. To obtain the radius-time curve satisfying
the precision requirement, the absolute error and rel-
ative error are 10−12 and 10−7, respectively. If not
specified, the following parameters are used in calcu-
lations: T∞ = 293.15 K; P0 = 1 bar; ρ = 1000 kg/m3;
σ = 0.072 N/m; c = 1480 m/s; γ = 1.4; µ = 0.001 Pa ⋅ s;
R0 = 5 µm; φ = 0.

3. Results and discussion

When two acoustic waves with different frequen-
cies are superimposed on each other, there are some
different characteristics under the superimposed wave
excitation, and the radial motion of the bubble will
be changed first. The change trends of the instanta-
neous bubble radius with time under single-frequency
and dual-frequency excitation are shown in Fig. 1. The
maximum bubble radii are 15.11R0, 9.01R0, and 7.81R0

a)

[ ]

b)

[ ]

Fig. 1. Instantaneous radius of a single bubble in the
acoustic field with the frequencies of: a) 20 kHz, 35 kHz,
and 20 + 35 kHz; b) 20 kHz, 140 kHz, and 20 + 140 kHz

(Pe = 1.5 bar, N = 1).

for single frequencies of 20 kHz, 35 kHz, and 140 kHz,
respectively. While in the cases of the dual frequency,
there are 21.21R0 and 8.72R0 for 20 + 35 kHz, and
20+140 kHz, respectively. It can be seen that when the
difference between two acoustic frequencies is small,
the maximum bubble radius is greater than that of the
two excitation waves acting alone. However, when
the frequency difference is larger, the maximum size
of the bubble expansion under dual-frequency excita-
tion is between the maximum radius of two excitation
waves acting alone. In the study of Suo et al. (2018),
when the difference between two excitation frequen-
cies is small, the threshold of the internal cavitation
decreases greatly, which is consistent with the above
results.

According to the theory in (Tinguely et al., 2018,
i.e. Eq. (9)), it can be found that the initial energy of
the bubble, which is equal to the sum of the poten-
tial energy of the rebound, the work done by the non-
condensable gas and the compression energy of shock
wave, is proportional to the cubic power of the maxi-
mum bubble radius. Therefore, the capacity of the bub-
ble to gather energy can be reflected by the maximum
bubble radius. During the bubble collapse, some of the
energy is converted to the chemical energy. The time of
the bubble collapse plays a significant role in the con-
centration of the free radicals inside the bubble. The
shorter the collapse time is, the greater the concentra-
tion of free radicals is. In (Tatake, Pandit, 2002), the
dynamic characteristics of the bubble was predicted
by the parameter R3

max/tc, which was employed to de-
scribe the acoustic cavitation and hydraulic cavitation
well. The authors have concluded that the pressure
during the bubble collapse increased monotonously
with this parameter. Although this parameter can re-
flect the cavitation intensity and indirectly predict the
collapse pressure of the bubble, it can not estimate
the internal energy inside the bubble, which is related
to the efficiency of sonoluminescence and sonochemical
reactions. Merouani et al. (2014) derived an expres-
sion to calculate the internal energy considering the
time effect of the bubble collapse, namely, the bubble
collapse power w, and analyzed the relationship be-
tween acoustic amplitude, frequency, static pressure,
liquid temperature and the internal energy under sin-
gle frequency excitation. The influence of the acoustic
parameters (i.e. phase difference, frequency differen-
ce and amplitude ratio) in the dual-frequency acoustic
system on the bubble collapse power will be analyzed
below.

The effect of phase difference φ on bubble collapse
power w is shown in Fig. 2, where φ increases from
0 to 2π with an internal of 1/36π (5○) between two
adjacent steps. Under dual-frequency acoustic excita-
tion, with the phase difference increase, the sensitivity
of w variation increases first and then deceases. As
observed in the figure, the maximum values are 1.54,
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Fig. 2. Calculated power for one collapse of the bubble
as the function of phase difference under dual-frequency

acoustic excitation (Pe = 1.5 bar, N = 1).

9.50, 4.35, and 2.39 times of the minimum values in
the excitation frequencies of 20+35 kHz, 20+140 kHz,
20+355 kHz, and 20+515 kHz, respectively. In the ex-
perimental and numerical studies of the dual-frequency
excitation, 0 phase is generally adopted. Under this
condition, the internal energy of the bubble is not
the maximum, which reduces the energy utilization
rate. Some current researches have also obtained the
same conclusions. For example, Holzfuss et al. (1998)
analyzed the sonoluminescence intensity under dual-
frequency excitation, and found that there were mul-
tiple maxima and minima during the phase changing
between 0 and 2π. Krefting et al. (2002) obtained
consistent results. Moholkar (2009) found that the
phase difference had a great influence on sonochemi-
cal reactions, which was higher than the degree of fre-
quency difference.

The influence of frequency difference on bubble col-
lapse power w under dual-frequency acoustic excitation
with different driving pressure amplitudes is shown
in Fig. 3. The pressure amplitude is a certain value,
and w fluctuates continuously with the increase of fre-
quency difference. The maximum w appears in the
field of 20 + 20 kHz. There is a diversity of frequency

[ ][ ]

[W
]

Fig. 3. Calculated power for one collapse of the bub-
ble as the function of frequency difference under dual-

frequency acoustic excitation (f1 = 20 kHz, N = 1).

difference corresponding to the minimum w. When
the pressure amplitudes are 1.5 bar, 2.0 bar, 2.5 bar,
and 3.0 bar, the minimum w occurs in the acoustic
field with frequencies of 20 + 380 kHz, 20 + 340 kHz,
20 + 80 kHz, and 20 + 140 kHz. Meanwhile, the sensi-
tivity of w variation to frequency difference decreases,
and the maximum values are 307.28, 19.84, 11.15, and
8.77 times of the minimum values, respectively. When
the two excitation frequencies are constant, the in-
crease of pressure amplitude makes w enhance con-
tinuously. From the above analysis, it can be found
that w is closely related to the driving pressure and
frequency difference. Koda et al. (2003) found in the
experimental studies that the sonochemical intensity
and H2O2 production enhanced with the increase of
acoustic power. The similar conclusions were obtained
by Kanthale et al. (2008).

The effect of amplitude ratio N on bubble col-
lapse power w under dual-frequency acoustic excita-
tion with different frequencies is shown in Fig. 4. It can
be found that when the frequency difference is small
(20 + 35 kHz), w reaches the maximum at N = 0.5
and deceases when N is away from 0.5. When the fre-
quency difference is large (20 + 140 kHz, 20 + 355 kHz,
and 20 + 515 kHz), with increasing N , w is drastically
reduced duringN changing between 0 and 1. Neverthe-
less, N from 1 to 10, w fluctuates slightly. The sono-
chemical efficiency in the filed under dual-frequency
acoustic excitation of 20 + 355 kHz with different po-
wers was compared in Brotchie et al. (2010). It was
found that the highest sonochemical efficiency was ob-
tained in the acoustic field excited by the frequency of
20 kHz with the input power of 5 W together with the
frequency of 355 kHz with the input power of 10 W.
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Fig. 4. Calculated power for one collapse of the bub-
ble as the function of N under dual-frequency acoustic

excitation (Pe = 1.5 bar).

The frequency difference and amplitude ratio N play
significant roles in the bubble collapse power w under
dual-frequency acoustic excitation as shown in Fig. 4.
Therefore, Fig. 5 shows in detail the variation of w with
f2 and N when f1 is a fixed value of 20 kHz. With the
increase of N , the effect of the frequency difference
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Fig. 5. Calculated power for one collapse of the bubble
versus N and frequency difference under dual-frequency

acoustic excitation (Pe = 1.5 bar, f1 = 20 kHz).

on w can be divided into three typical regions. When f2
is between 20 kHz and 32 kHz, there are two maximum
points of w, which are near N = 1 and N = 2. As f2
changing from 32 kHz to 64 kHz, w has a maximum
value corresponding to N in the range of 0.5–1. When
f2 is larger than 64 kHz, w decreases gradually.

The paper focuses on the effects of the control pa-
rameters (phase difference, frequency difference, and
amplitude ratio) in the dual-frequency acoustic sys-
tem on sonoluminescence and sonochemistry. The re-
sults of internal energy inside the bubble variation with
environment can be obtained in (Merouani et al.,
2014). The present model does not include rectified
mass diffusion (Zhang et al., 2015) (i.e. the gas dif-
fuses into or out of bubble interface), which process
is rather slow. The internal energy variation inside
the bubble is a transient process, hence, the rectified
mass diffusion can be safely ignored. According to the
literature (Mettin et al., 1997; Moshaii, Sadighi-
Bonabi, 2004; Yang, Church, 2005), introducing
bubble-bubble interaction, liquid compressional viscos-
ity and the viscoelastic dissipation into Keller–Miksis
will weaken the bubble collapse intensity, nonetheless,
the variation trends of radius, pressure and tempera-
ture with time are consistent. Therefore, the present
model can provide good references for the selection of
sonoluminescence and sonochemistry parameters qual-
itatively. In order to obtain the quantitative sugges-
tions, establishing a more accurate model will be the
main work of our research group.

4. Conclusions

In this paper, a model for predicting the collapse
power inside the bubble under dual-frequency acous-
tic excitation has been established. The effects of
paramount parameters (e.g. frequency difference) have
been discussed within a wide range. They are consis-
tent with the experimental and numerical results of
sonoluminescence and sonochemistry. The main find-

ings are as follows. The variation of phase difference
causes the continuous change of collapse power with
multiple maximum and minimum values. With the in-
crease of frequency difference, the sensitivity of col-
lapse power variation to phase difference first increases
and then decreases. The f1 is fixed, and amplitude ra-
tio increases. When f2 is between 20 and 32 kHz, there
are two maximum values of collapse power; when f2 is
between 32 and 64 kHz, there is a maximum value of
collapse power; when f2 is larger than 64 kHz, the col-
lapse power decreases continuously.
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