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The locally resonant phononic crystal (LRPC) composite double panel structure (DPS) made of a two-
dimensional periodic array of a two-component cylindrical LR pillar connected between the upper and
lower composite plates is proposed. The plates are composed of two kinds of materials and periodically
etched holes. In order to reveal the bandgap properties of structure theoretically, the band structures,
displacement fields of eigenmodes and transmission power spectrums of corresponding 8× 8 finite structure
are calculated and displayed by using finite element method (FEM). Numerical results and further analysis
demonstrate that if the excitation and response points are picked on different sides of the structure, a wide
band gap with low starting frequency is opened, which can be treated as the coupling between dominant
vibrations of pillars and plate modes. In addition, the influences of filled-in rubber, etched hole and
viscidity of soft material on band gap are studied and understood with the help of “base-spring-mass”
simplified model.
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1. Introduction

With the improvement of industry level, the re-
quirement for comfort is increasing with each pass-
ing day. In many areas of engineering, different kinds
of plates are extensively applied as the contain-
ment structures (Pietrzko, Mao, 2008; Carneal,
Fuller, 2004). Particularly, DPSs are more popular
than single plates on account of the multi-function
properties such as excellent shock resistance, light-
quality, large-stiffness, good thermal diffusivity and
so on (Qian, Shi, 2016). Researches have indicated
that containment structure is the main propagation
medium of vibration, which is also the source for ra-
diating noise (Qian, Shi, 2016; Benjeddou, 2001).
Thus, the researches on vibration propagation in DPS
will play an important role in restraining the structure
vibration and reducing the radiated noise.

In recent years, the periodic composite structure
named as PC has attracted a lot of attention (Sigalas,
Economou, 1992; Mart́ınez-Sala et al., 1995; Liu
et al., 2000), which provides a new idea for controlling

the vibration and noise propagating along the contain-
ment structure. Studies on formation mechanisms of
band gap have revealed two kinds: Bragg scattering
(Sigalas, Economou, 1992; Mart́ınez-Sala et al.,
1995; Kushwaha et al., 1994; James et al., 1995)
and locally resonant (LR) (Liu et al., 2000; Wang
et al., 2004; Sainidou et al., 2006). The main differ-
ence between them is that the frequency range of band
gap formed by LR is almost two orders of magnitude
lower than that formed by Bragg scattering (Liu et al.,
2000), which illustrates that the PCs designed based
on the second mechanism can be applied to control the
vibration and noise in low frequency region. Hence, in-
troducing the design idea of LRPC to different kinds
of DPSs and researching the displayed bandgap prop-
erties will provide a new idea to restrain the structure
vibration and reduce the noise in the unmanageable
low frequency region (Oudich et al., 2011; Xiao et al.,
2012) of some industrial products.

Recently, researches on plates with the design idea
of LRPC introduced have appeared. Two main types
of structures have formed: the filled-in structure is
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constructed by periodically etching holes in a base
plate and then filling them with soft scatters; and
the stubbed-on structure is constructed by periodi-
cally attaching resonant units onto the surface of base
plate (Ma et al., 2014; Qian, Shi, 2017a). The vibra-
tion band gaps of epoxy base plates with filled-in rub-
ber resonant units and filled-in rubber-coated heavy
mass resonant units were investigated by Hsu and Wu
(2007) and Xiao et al. (2008), which can be regarded
as the two-component and three-component filled-in
structures. Similarly, Oudich et al. (2010) researched
the two-component and three-component stubbed-on
structures constructed by periodically attaching rub-
ber stubs without and with Pb capped on the surface
of base plate. Combining the two types, the propaga-
tion characteristics of Lamb waves in a LRPC compos-
ite plate with the combined resonant unit were stud-
ied by Li et al. (2015). As the simplify of filled-in and
stubbed-on structures, the propagation characteristics
of flexural waves in the simplified model of composite
LRPC single plate were investigated by Qian and Shi
(2017b).

In this paper, we investigate the propagation char-
acteristics of flexural and longitudinal vibrations in
a LRPC composite DPS consisting of a two-layer com-
posite plate with periodically attached cylindrical LR
pillars in the cavity and etched holes in the upper
and lower plates. At first, the band structures, dis-
placement fields of eigenmodes and transmission power
spectrums of the corresponding finite structure are cal-
culated by FEM to study the formation mechanisms
of band gap. Then in order to reveal the influences
of filled-in scatters and etched holes on band struc-
ture, two groups of contrast are constructed. Further,
the influences of filled-in rubber radius, etched hole ra-
dius and viscidity of soft material on band gap are dis-
cussed. All the results are expected to be of theoretic
significances and engineering application prospects in
the field of vibration and noise control.

2. Model and method

As shown schematically in Fig. 1a, the studied
physical model is constructed by periodically de-
positing the two-component cylindrical LR pillars
squarely onto the surfaces of the upper and lower two-
dimensional binary LRPC plates, which consist of an
array of rubber inclusions embedded in epoxy matrix
with a finite thickness. In a unit cell, the material of
first and last layers in the pillar is rubber, and the
materials of plates and middle layer in the pillar are
epoxy and Pb, respectively. The lattice constant, the
thickness of base plate, the radius of pillar, the radius
of filled-in rubber in the base plate, and the heights of
different layers in the pillar are denoted by a, e, r, R,
h1 and h2, respectively. Besides, another model with
both periodically attached pillars and etched holes is

a)

b)

Fig. 1. The unit cells of LRPC composite DPSs (a) without
and (b) with periodically etched holes.

proposed as shown in Fig. 1b. The radius of hole is Rh.
Table 1 displays the materials’ parameters used in the
calculations, and all materials are assumed to be elas-
tically isotropic.

Table 1. Materials’ parameters used in calculations.

Material
Mass

density
[kg/m3]

Young’s
modulus

[1010 N/m2]

Poission’s
ratio

Epoxy 1180 0.435 0.368

Rubber 1300 1.175 ⋅ 10−5 0.469

Pb 11 600 4.08 0.370

Band structures of the proposed models are cal-
culated by the finite element method (FEM), which
is implemented by adopting the commercial software,
COMSOL Multiphysics. For the mesh elements, the
default tetrahedral mesh provided by the software is
used. In the calculation, only one unit cell is taken into
consideration, which can be attributed to the period-
icity of the structure. The stress-free boundary condi-
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tions are applied to the free surfaces, and the periodic
boundary conditions according to Bloch-Floquet theo-
rem are used for the interfaces between the nearest unit
cells (Qian, Shi, 2017a; Xiao et al., 2008; Oudich
et al., 2010)

ui(x+a, y+a) = ui(x, y)e
−i(kxa+kya), (i = x, y, z), (1)

where ui represents the elastic displacement u along
x-direction, y-direction and z-direction respectively
when i equals to x, y and z; kx and ky are the compo-
nents of Bloch wave vector k limited in the irreducible
first Brillouin zone (1BZ).

Substituting Eq. (1) to characteristic equation of
FEM gives:

(K − ω2M)u = 0. (2)

Particularly noted, the elements in stiffness matrix
K and mass matrix M are coupled with the items con-
taining the Bloch wave vector, which are not the orig-
inal structural stiffness and mass matrices any more.

Equation (2) represents a generalized eigenvalue
problem for ω2. Finally, the band structure can be ob-
tained by solving the equation for each Bloch wave vec-
tor limited in the irreducible first Brillouin zone (1BZ).

3. Numerical results and analyses

3.1. Band structure of LRPC composite DPS
without etched holes

Figure 2b shows the band structure of LRPC com-
posite DPS with the holes not etched. All the mate-
rials’ parameters and geometric parameters used in

a) b) c) d)

Fig. 2. Band structure of LRPC composite DPS and transmission power spectrums of the corresponding finite 8× 8
structure: a) transmission power spectrum of flexural vibration when the excitation and response points are picked on
different plates; b) band structure; c) transmission power spectrum of longitudinal vibration when the excitation and
response points are picked on different plates; d) transmission power spectrum of longitudinal vibration when both the

excitation and response points are picked on same plate.

the calculation are shown in Tables 1 and 2, respec-
tively. To verify the accuracy of the calculated result,
the transmission power spectrums of flexural and lon-
gitudinal vibrations in the corresponding finite struc-
ture are displayed in Fig. 2a and 2c, separately. In this
work, the finite DPS is made of 8× 8 unit cells and the
excitation point is picked on one end of the lower plate
as well as the response point is picked on the other end
of the upper plate, as shown in Fig. 3.

Table 2. Geometric parameters used in calculations.

a [m] e [m] r [m] R [m] Rh [m] h1 [m] h2 [m]

0.1 0.005 0.04 0.04 0.02 0.01 0.03

Fig. 3. Meshing of the finite LRPC DPS made of 8 × 8 unit
cells (Qian, Shi, 2017a).

As shown in Fig. 2b, a narrow complete band gap
is opened between 31 Hz and 75 Hz. But from Fig. 2a
and 2c, the frequency range of attenuation in the
transmission power spectrum is very wide no matter
the finite structure is vibrated flexural or longitudinal,
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which should have matched well with the frequency
range of the band gap (Qian, Shi, 2016; Xiao et
al., 2012). To find more attenuation characteristics,
both the excitation and response points are picked
on the lower plate and the transmission power spec-
trum of longitudinal vibration is shown in Fig. 2d.
From it, hardly any frequency range of attenuation
can be observed. To reveal the mechanisms of the typ-
ical phenomena displayed in transmission power spec-
trums of the LRPC composite DPS, the displacement
fields of eigenmodes labeled in Fig. 2b are shown in
Fig. 4.

For modes B1, B8 and B9, the dominant vibration
translating along z-direction couples with the out-of-
plane plate mode of upper and lower plates. In mode
B1, the vibration energy is concentrated in the pillar
with the two plates static. Both in modes B8 and B9,
the middle Pb layer of pillar acts as the stationary

B1 B2 B3

B4 B5 B6

B7 B8 B9
Fig. 4. The displacement fields of eigenmodes labeled in Fig. 2b.

layer. What’s opposite, the two base plates achieve
dynamic balance in the inverse flexural vibration in
mode B8 while the uniform flexural vibration of the
two plates achieve dynamic balance in mode B9, based
on which, modes B8 and B9 are called as the symmetric
and antisymmetric flexural vibration modes, respec-
tively. As a result of the coupling, a partial flexural
vibration band gap between B1 and B8 with frequency
interval 25–126 Hz is opened, which is why the big at-
tenuation exists in the transmission power spectrum of
the flexural vibration, as shown in Fig. 2a.

For modes B2 and B3, the dominant vibration
rotating in xy plane couples with the out-of-plane
shear deformation of upper and lower plates. Both
modes B2 and B3 concentrate the vibration energy in
the pillar with the two plates stationary. As for modes
B4–B7, they can be treated as the result of the cou-
pling between the dominant vibration translating in xy
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plane and the in-plane shear deformation of upper and
lower plates. In all the four modes, the middle Pb layer
of pillar keeps stationary. Meanwhile, the uniform lon-
gitudinal vibration of lower and upper plates achieve
dynamic balance in mode B4 and B5 while the two
plates achieve dynamic balance in the inverse longitu-
dinal vibration in mode B6 and B7. Similarly, modes
B4–B5 and modes B6–B7 are called as the antisymmet-
ric longitudinal vibration mode and symmetric longi-
tudinal vibration mode. As a result of the couplings,
a partial longitudinal vibration band gap with fre-
quency interval 31–75 Hz is opened. The corresponding
attenuations existed in the transmission power spec-
trums of the longitudinal vibration shown in Fig. 2c
and 2d are not obvious, which has been explained in
(Oudich et al., 2010).

What should be noted is that, the vibration of up-
per plate is weakened because the vibration phases of
upper plate in the antisymmetric longitudinal vibra-
tion mode B4 and symmetric longitudinal vibration
mode B6 are inverse, as well as in B5 and B7. Based on
this, the big attenuation displayed in the transmission
spectrum of longitudinal vibration shown in Fig. 2c can
be understood. Meanwhile, the attenuation is absent
in Fig. 2d because the lower plate is vibrated strongly
with the uniform phase. The details can be referred to
(Qian, Shi, 2017a).

Moreover, as shown in Fig. 5, the “base-spring-
mass” simplified model is applied to help understand
the influence rules, which has been investigated semi-
analytically in detail (Wang et al., 2011; Wang,
Wang, 2013). For modes B1–B3, the epoxy layer, rub-
ber layer and Pb layer can be treated as the base,
equivalent spring and mass respectively; and for modes
B4B9, the Pb layer, rubber layer and epoxy layer can
be treated as the base, equivalent spring and mass sep-
arately. Besides, the equivalent spring and mass of each
mode can be calculated approximatively (Wang et al.,
2011).

Fig. 5. The “base-spring-mass” simplified model applied to
help understand the vibration modes.

In (Qian, Shi, 2017a), the LRPC DPS with the
base plates consisted of only one material is studied.
The band structure with the same parameters in this
paper is shown in Fig. 6. By comparing Fig. 2b with
Fig. 6, all the bands are moved down to the lower fre-
quency region and the band structure is divided to lay-
ered distribution in the effect of filled-in rubber. With
the help of “base-spring-mass” simplified model, the

Fig. 6. Band structure of LRPC DPS with the base plates
consisted of only one material (Qian, Shi, 2017a).

filled-in and stubbed-on rubbers can be regarded as
the series connection of two equivalent springs, which
results in the reduce of original spring stiffness. In ad-
dition, the complete bandgap width opened between
B3 and B4 is wider in Fig. 2b than Fig. 6, which
can be attributed to that the effect of filled-in rub-
ber on B1–B3 is larger than B4–B7. If the excitation
and response points are on different sides of DPS, the
bandgap width is reduced from 158 Hz (72–230 Hz) to
95 Hz (31–126 Hz) and the starting frequency is de-
creased from 72 Hz to 31 Hz, which illustrates that fill-
ing rubber in plate makes it possible to control lower
sound and vibration, but which narrows the bandgap
width.

3.2. Band structure of LRPC composite DPS
with periodically etched holes

Figure 7 shows the band structure of LRPC com-
posite DPS with periodically etched holes. All the ma-
terials’ parameters and geometric parameters used in
the calculation are same as the example in Fig. 2b, as
shown in Tables 1 and 2, respectively.

By comparing Fig. 7 and Fig. 2b, the etched holes
have obvious effects on modes B4–B9, but little ef-
fects on B1–B3, which can be explained by applying
the “base-spring-mass” simplified model. For B1–B3,
because the plates are equivalent to the static base,
holes have nothing to do with the modes; but for B4–
B9, the corresponding frequencies of bands increase be-
cause the plates are equivalent to mass and the etched
holes make the equivalent mass decrease. Eventually,
etching holes in the upper and lower base plates can
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Fig. 7. Band structure of LRPC composite DPS
with periodically etched holes.

not only widen the bandgap, but keep the starting fre-
quency unchanged.

3.3. Influences of parameters on band gap

The influences of base plates and stubbed-on pil-
lar on band gap have been investigated in detail in
(Qian, Shi, 2017a). Here, the effects of filled-in rub-
ber and etched hole on band gap are studied. During
the study, the radius of rubber R and radius of hole
Rh are chosen as the influencing parameters. Besides,
the rest parameters are same as the ones of the exam-
ple shown in Fig. 2a while considering the influences
of one parameter on the starting frequency f1(or f3),
cutoff frequency f8 and bandgap width fw.

Figure 8 shows the influences of filled-in rubber
radius R on f1, f3, f8 and fw. In the figure, all of

Fig. 8. The influences of filled-in rubber radius R
on f1, f3, f8 and fw.

f1, f3 and f8 decrease with the increase of R, which
can be understood by the “base-spring-mass” simpli-
fied model. In the model, the filled-in rubber is sim-
plified as the spring and the equivalent stiffness de-
creases with the increase of R. In addition, bandgap
width fw is decided by the starting frequency f3 and
ending frequency f8 if R < 0.014 m; but fw is de-
cided by the starting frequency f1 and ending fre-
quency f8 if R ≥ 0.014 m. As shown in the figure,
fw also decreases with the increase of R, which illus-
trates that the effects of filled-in rubber on mode B8

is bigger than modes B1 and B3. In general, increas-
ing the rubber radius can play an active role in lower-
ing the starting frequency, but narrowing the bandgap
width.

Figure 9 shows the influences of etched hole radius
Rh on f1, f3, f8 and fw. In the figure, Rh has no ef-
fects on f1 and f3, which can be attributed to that
in “base-spring-mass” simplified model, the plates can
be equivalent to base in modes B1 and B3. But f8 in-
creases with the increase of Rh, which is because in the
model, the plates are equivalent to mass in modes B8

and the equivalent mass decreases with the increase of
Rh. Hence, the increase of f8 and constant of f3 lead
fw to increase with the increase of Rh. In general, in-
creasing the radius of etched hole can not only play as
active role in widening the bandgap, but also keeping
the starting frequency unchanged.

Fig. 9. The influences of etched hole radius Rh

on f1, f3, f8 and fw.

If the viscidity of soft material is considered, the
elasticity moduli and shear modulus are relevant to the
frequency in frequency domain. Hence, the eigenvalue
problem of Eq. (2) should be solved by iterative pro-
cess, and the detailed calculation steps are described
in (Qian, Shi, 2017b; Zhao, Wei, 2009; Wei, Zhao,
2010; Zhu et al., 2016).

Figures 10a, b and c display the band struc-
tures of hole-etched LRPC composite DPS with the
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a) b)

c) d)

Fig. 10. Band structures of hole-etched LRPC composite DPS with the viscidity of soft material considered when relax
time τ = 3 ⋅ 10−5 s, initial-final value ratio: a) α = 1.5, b) α = 2.0, c) α = 3.0, and d) the influences of initial-final value

ratio α on critical frequencies f1, f3, f8 and bandgap width fw.

viscidity of soft material considered when relax time
τ = 3 ⋅ 10−5 s, initial-final value ratio α = 1.5, 2.0 and
3.0, respectively. Here, all the parameters used in the
calculation are shown in Tables 1 and 2. As shown in
the figure, all the bands are affected by α obviously. In
order to further illustrate the influence rule, the influ-
ences of α on critical frequencies f1, f3, f8 and bandgap
width fw are displayed in Fig. 10d. As sketched in the
figure, all of the frequencies f1, f3 and f8 decrease
with the increase of α and the slope of ending fre-
quency f8 is larger than that of starting frequency f3,
which lead the bandgap width to decrease with the
increase of α. In consequence, increasing the initial-
final value ratio of soft material plays a role in lower-
ing the starting frequency, but narrowing the bandgap
width.

Figures 11a, b and c display the band structures
of hole-etched LRPC composite DPS with the viscid-
ity of soft material considered when initial-final value
ratio α = 2.0, relax time τ = 3 ⋅ 10−5 s, 1 ⋅ 10−4 s and
5 ⋅10−4 s, respectively. Here, all the parameters used in
the calculation are shown in Tables 1 and 2. As shown
in the figure, the bands in high frequency range are
affected by τ obviously. The influences of τ on critical
frequencies f1, f3, f8 and bandgap width fw are also
displayed in Fig. 11d. With the increase of τ , f8 in-
creases, but f1, f3 keep constant. Hence, the increase
of f8 and constant of f3 lead fw to increase with the in-
crease of τ . In general, increasing the relax time of soft
material can not only play an active role in widening
the bandgap, but also keeping the starting frequency
unchanged.
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a) b)

c) d)

Fig. 11. Band structures of hole-etched LRPC composite DPS with the viscidity of soft material considered when initial-
final value ratio α = 2.0, relax time (a) τ = 3 ⋅ 10−5 s, b) τ = 1 ⋅ 10−4 s, c) τ = 5 ⋅ 10−4 s, and d) the influences of relax time τ

on critical frequencies f1, f3, f8 and bandgap width fw.

4. Conclusions

In this paper, the LRPC composite DPS with peri-
odically attached pillars and etched holes is proposed
and the bandgap properties of structure are investi-
gated by applying FEM. The main conclusions are as
follows:

1) A complete band gap with low starting frequency
and wide bandgap width is opened according to
the analysis of band structure and transmission
power spectrums when the excitation and re-
sponse points are on different sides of structure,
and the formation mechanisms of band gap are
revealed with the help of displacement fields of
eigenmodes.

2) By comparing the band structures of LRPC com-
posite DPSs with and without filled-in rubber,

the rubber can lower the starting frequency, but
narrow the bandgap width at the same time. By
etching holes in the plates, it can not only widen
the bandgap, but keep the starting frequency un-
changed. Besides, both the starting frequency and
bandgap width decreases with the increase of rub-
ber radius. But the bandgap width increases and
the starting frequency keeps still with the increase
of etched hole radius.

3) If the viscidity of soft material is considered, in-
creasing the initial-final value ratio of soft ma-
terial plays a role in lowering the starting fre-
quency, but narrowing the bandgap width. But
increasing the relax time of soft material can
not only play an active role in widening the
bandgap, but also keeping the starting frequency
unchanged.
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